Rayleigh-B enard convection in liquids with nanoparticles is studied in the paper considering a two-phase model for nanoliquids with thermophysical properties determined from phenomenological laws and mixture theory. In the absence of nanoparticle-modified thermophysical properties as used in the paper, the problem is essentially binary liquid convection with Soret effect. The base liquids chosen for investigation are water, ethylene glycol, engine oil, and glycerine, and the nanoparticles chosen are copper, copper oxide, silver, alumina, and titania. Using data on these 20 nanoliquids, our theoretical model clearly explains advanced onset of convection in nanoliquids in comparison with that in the base liquid without nanoparticles. The paper sets to rest the tentativeness regarding the boundary condition to be chosen in the study of Rayleigh-B enard convection in nanoliquids. The effect of thermophoresis is to destabilize the system and so is the effect of other parameters arising due to nanoparticles. However, Brownian motion effect does not have a say on onset of convection. In the case of nonlinear theory, the five-mode Lorenz model is derived under the assumptions of Boussinesq approximation and small-scale convective motions, and using it enhancement of heat transport due to the presence of nanoparticles is clearly explained for steady-state motions. Subcritical motion is shown to be possible in all 20 nanoliquids.
Introduction
Nanoliquid comprises of a base liquid such as water or ethylene-glycol or engine oil or glycerine with dilute concentration of nanoparticles such as metallic or metallic oxide particles (Cu, Cuo, Ag, Al 2 O 3 ; TiO 2 ), having dimensions from 10 to 100 nm. It was Choi and Eastman [1] who first proposed the term "Nanoliquid." A significant feature of the nanoliquids is enhanced thermal conductivity, a phenomenon which was first reported by Masuda et al. [2] . Eastman et al. [3] reported an increase of 40% in the effective thermal conductivity of ethylene-glycol with 0.3 volume of copper nanoparticles of 10 nm diameter. Further, 10-30% increase of the effective thermal conductivity in alumina-water nanoliquids with 1-4% of alumina was reported by Das et al. [4] . Buongiorno [5] suggested a two-phase model based on the mechanics of nanoparticles/base liquid relative velocity. With the help of the transport equations of Buongiorno [5] , Tzou [6, 7] studied the onset of convection in a horizontal layer of a nanoliquid heated uniformly from below and found that as a result of Brownian motion and thermophoresis of nanoparticles, the critical Rayleigh number is much lower, by one to two orders of magnitude, than that of a base liquid. Kim et al. [8] [9] [10] investigated the onset of convection in a horizontal nanoliquid layer using a two-phase model and modified the three quantities, namely, the thermal expansion coefficient, the thermal diffusivity, and the kinematic diffusivity that appear in the definition of the Rayleigh number. Recently, many authors ( [11] [12] [13] [14] [15] [16] and references therein) have investigated various influences on Rayleigh-B enard convection in nanoliquids. However, phenomenological laws and mixture theory do not seem to have been included in the study of Rayleigh-B enard convection of nanoliquids.
The effect of Brownian motion was found to have negligible influence on both onset of convection and on heat and mass transports by previous investigators [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . In view of the above observation, it is apparent that the handling of Rayleigh-B enard convection in nanoliquids as reported by the earlier investigators has essentially been like a binary liquid system with the Soret effect. This is unacceptable since suspended nanoparticles are known to modify viscosity, thermal conductivity, and other thermophysical properties.
Classical two-phase models do not get explicitly into the modeling of nanoliquid properties like density, heat capacity, volumetric expansion coefficient, dynamic viscosity, thermal conductivity, Brownian, and thermophoretic coefficients in terms of the volume fraction of the nanoparticles and corresponding properties of nanoparticles and base liquid. Yang et al. [17] were the first to give details of such an exercise for forced convection. The new model mooted in this paper for studying Rayleigh-B enard convection in nanoliquids incorporates such features with the help of phenomenological laws and mixture theory. As a result of these assumptions, thermodynamically correct predictions are sought to be made on the onset of convection and heat and mass transports for each nanoliquid under consideration.
The objectives of the present paper is the following:
(i) Provide a theoretical answer to the enhanced heat transfer situation in nanoliquids by combining features of the single-phase and two-phase models and (ii) Settle the issue pertaining to the choice of appropriate Nield and Kuznetsov (NK) boundary condition [15, 16] by using arguments on the magnitude of Sherwood number which has to be finite.
Mathematical Formulation for Rayleigh-B enard Convection (Longitudinal Rolls)
Consider an infinite extent horizontal nanoliquid layer of thickness h. The upper and lower boundaries are held at constant temperatures T 0 and T 0 þ DTðDT > 0Þ, respectively. The schematic of the same is shown in Fig. 1 .
For mathematical tractability, we confine ourselves to twodimensional rolls so that all the physical quantities are independent of y, a horizontal co-ordinate. Further, the boundaries are assumed to be stress-free and isothermal. The governing system of equations in dimensional form for studying stationary twodimensional Rayleigh-B enard convection in nanoliquids using a two-phase model are as follows. Conservation of Mass:
Conservation of Linear Momentum:
Conservation of Energy:
where
Assuming that the temperature and volumetric fraction of the nanoparticles to be constant at the stress-free boundaries, we may assume the boundary conditions on u, w, T, and / to be
Basic State Solution:
At the basic state the nanoliquid is assumed to be at rest, and hence, the temperature and nanoparticle volume fraction vary in the z-direction only and are given by
Equations (2) and (3) now take the form
Equation (4) using Eq. (7) now reads as
Using an order of magnitude analysis, Nield and Kuznetsov [15] showed that the second and third terms in Eq. (10) are very small and hence from Eqs. (5), (7) , and (10), we have
The solution of Eq. (11) satisfying boundary conditions (6) is
We now superimpose perturbations on the basic state as shown below.
Substituting the expression (13), using basic state solution (12) , eliminating pressure, and introducing stream function of the form
the governing Eqs. (2)-(5) take the form
Introducing the following nondimensional variables
Equations (15)- (17) can be written in nondimensional form as
The nanoliquid properties are obtained from either phenomenological laws or mixture theory as given below. Phenomenological Laws:
Mixture Theory:
Equations (19)- (21) are solved subject to the isothermal, isoconcentration boundary conditions
In Sec. 3, we discuss the linear stability analysis in order to predict the condition for the onset of convection.
Linear Stability Analysis
Before, when we perform a linear stability analyses we note that the principle of exchange stabilities is valid in the problem. Hence, we consider the linear, steady state of Eqs. (19)- (21) with the boundary condition (22) and assume the Fourier expansions for the normal mode as follows: The critical value of Rayleigh number, R s nlc , and wave number, j c , are
The linear theory predicts only the condition for the onset of convection. To study the heat transport we move on to make a local nonlinear stability analysis of the system.
Nonlinear Stability Analysis
In the paper, we perform a weakly nonlinear stability analysis and hence take the stream function, temperature, and nanoparticle concentration as follows:
where the amplitudes AðsÞ; BðsÞ; CðsÞ; LðsÞ, and MðsÞ are to be determined. Substituting Eqs. (27)- (29) in Eqs. (19)- (21) and taking the orthogonality condition with the eigenfunctions associated with the considered minimal modes, we get
Trapping Region
The trajectories of the classical Lorenz model are known to remain within a finite volume. The nonlinear terms are responsible for keeping the trajectories confined. Following the procedure of Siddheshwar and Titus [18] , we can easily show that the trapping region of the trajectories is given by
From the above equation, we note that the trapping region is an ellipsoid in five-dimensional phase-space. The Lorenz model of Eqs. (30)-(34) is intractable but in the steady state it does possess a solution. This solution is arrived at in Sec. 6.
Steady Finite-Amplitude Convection
The penta-modal Lorenz model in the steady state has the solution
where 
Solving Eq. (43), we get
In Sec. 7, we move on to estimate the heat and nanoparticle concentration transports at the lower boundary in terms of the Nusselt number and Sherwood number for the stationary mode of convection in a nanoliquid within a wave length distance in the horizontal direction.
Heat and Nanoparticle Concentration Transports
The thermal Nusselt number, Nuðs 1 Þ, is defined as Nu s 1 ð Þ ¼ heat transport by ðconduction þ convectionÞ heat transport by conduction 
The nanoparticle concentration Sherwood number, Shðs 1 Þ, is defined as
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Transactions of the ASME 
Substituting Eq. (37) in Eqs. (46) and (48), Nusselt and Sherwood numbers in the case of steady, finite-amplitude convection are obtained as follows:
where A 2 and M are given by Eqs. (36) and (39). In Sec. 8, we discuss the results obtained from the linear and nonlinear stability analyses and draw some conclusion.
Results and Discussion
Rayleigh-B enard convection in nanoliquids is studied in the paper using the Buongiorno [5] two-phase model. The purpose of the present paper is to provide a theoretical answer to the phenomenon of enhanced heat transfer by combining features of the single-phase and two-phase models. In pursuing this line of thought, we follow the work of Yang et al. [17] . In addition to explaining the enhanced heat transfer, we also seek to make an important decision on the appropriateness of one of the two NK [15, 16] boundary conditions in studying Rayleigh-B enard convection with the help of arguments based on the finiteness of the Sherwood number.
To interpret the results obtained in the context of the 20 nanoliquids chosen for investigation in the paper, we have calculated the thermophysical properties of nanoliquids using the corresponding values of base liquids and nanoparticles (see Tables 1 and 2) together with the phenomenological laws for dynamic viscosity and thermal conductivity and expressions for other physical quantities using mixture theory.
It is important to note here that the specific heat and thermal expansion coefficient have been calculated using the following definitions:
This is a discernible change in the modeling of ðC p Þ nl and b nl for nanoliquids as compared to what has been used so far by most investigators. Typical values of the thermophysical properties of nanoliquids are documented in Table 3 that are calculated using values of thermophysical quantities of base liquids and nanoparticles extracted from the works of Ghasemi and Aminosadati [19] , Siddheshwar and Meenakshi [20] , Bergman et al. [21] , and the paper by Abu-Nada et al. [22] .
In the paper, we toe the line that enhanced the heat transfer by natural convection in nanoliquids under laminar flow conditions is due to thermophoretic effect and Brownian motion coupled with modification in the base liquid properties due to the presence of suspended nanoparticles.
The definition of the nondimensional parameters used in the paper are based on nanoliquid properties rather than base liquid properties. In doing so, we arrive at the critical nanoliquid Rayleigh number exactly the same as what was obtained by Bhadauria and Agarwal [11] using purely base liquid properties.
It is quite clear from Table 3 that the presence of nanoparticles increases the value of R nlc (see Eq. (26)) since ðN Anl =Le nl Þ is less than 1 in magnitude. This result does not help us in properly explaining the enhanced heat transfer in nanoliquids. To make a comparison between the results on heat transfer in Newtonian liquids without nanoparticles and that with nanoparticles, comparison need to be made between critical Rayleigh numbers of nanoliquid and the base liquid.
The factor, F, that arises when base liquid Rayleigh number, R bl , is written in terms of nanoliquid Rayleigh number, R nl , as follows:
In the absence of nanoparticles, the value of F is 1. Computation reveals that the value of F for all 20 nanoliquids considered is less than 1. This would mean that R nlc < R blc . This explains why one can expect enhanced heat transfer in nanoliquids. We now move on to the discussion on the steady, finiteamplitude Rayleigh number, R Figs. 7 and 8 , we may conclude that the nanoliquid in which convective activity is deep into the cell transports maximum heat. Among the 20 nanoliquids, we find that the ethylene-glycol-silver transports maximum heat while water-titania transports least.
The stream line plots 7 and 8 clearly show that the convective activity gets deep into the center of the cell in the case of ethylene-glycol-silver nanoliquid compared to other nanoliquids. At the other extreme, we find that the convective activity is less into the center of the cell in the case of water-titania. This has an important bearing on the amount of heat transfer by these liquids.
The main emphasis in the paper is on heat transport aided by the nanoparticles. Since we have dilute concentration of nanoparticles in the base liquid, the quantification of mass transport in terms of the Sherwood number is not an important issue. We have, however, used the requirement of finiteness of the Sherwood number in settling questions regarding appropriate NK boundary condition on U (Nield and Kuznetsov [15, 16] ). If we were to choose the NK [16] boundary condition, then expression (47) clearly shows that the Sherwood number becomes infinite, whereas this is not so when we use the NK [15] boundary condition. So we infer that the NK [15] boundary condition is the correct one for a study like ours.
Conclusion
(a) R s nlc and R f nlc are independent of N Bnl . Nu nl is also independent of N Bnl . This means that only the thermophoretic effect has an influence on the onset of convection and on heat transport. This also means that in the absence of nanoparticle-modified thermophysical properties, the problem is that of binary liquid convection with Soret effect. ing 10% nanoparticles are similar to 6% particles, and hence, we have used only 6% in the paper.
(h) Most of the reported studies use the Brinkman model for viscosity of nanoliquids and the Hamilton-Crosser model for thermal conductivity. The range of temperatures arising in the convective regime are slightly above the value corresponding to the critical temperature at onset and at best can result in marginal changes in the above two thermophysical quantities. The other thermophysical quantities are based on the mixture theory. Thermodynamically correct results have been obtained using the above models for thermophysical properties. (i) In the absence of a reported accurate experiment to study convection in nanoliquids, it remains to be seen whether the single-phase [23] or the two-phase model [5] is appropriate. (j) Corcione [24] has made comments of practical interest on the modeling of thermophysical quantities of nanoliquids, and a refined model based on these comments is warranted. 
